Graph Optimization
a. Dijkstra’s Algorithm



Weighted Graphs
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Weighted Graphs

* Definition: A weighted graph ¢ = (V, E, {w(e)})
* I/ is the set of vertices
| € VXV is the set of edges
*w(e) € Rare edge weights
e Can be directed or undirected

* Today:
* Directed graphs (one-way streets)
* Non-negative edge weights (w(e) = 0)



Shortest Paths

* In weighted graphs, the length of a path P =
vy — VU, — - — U is the sum of its edge weights:
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* The distance d(s, t) is the length of the shortest
path fromstot

* Shortest Path: given nodes s,t € I/, find the
shortest path fromstot

* Single-Source Shortest Paths: given a node s €V,
find the shortest paths from s to everyt € V

* All-Pairs Shortest Paths: find the shortest path
between every (s,t) € V



Distance

* In weighted graphs, the length of a path P =
v, — vV, — -+ — Uy, is the sum of the edge weights:

* The distance d(s, t) is the length of the shortest
path fromstot

2 @ d(s,t) = &




Structure of Shortest Paths /ﬂ’fD\IO

e If (u,v) € E,thend(s,v) <d(s,u) + W(u, v) for

everynode s € I/ G
N
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e If (u,v) € E,andd(s,v) = d(s,u) + w(u,v) then
there is a shortest s ~» v-path ending with (u, v)
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Compare to BFS

* Thm.: BFS finds distances from s to other nodes in
unweighted graphs
* L; contains all nodes at distance i from s
* Nodes not in any layer are not reachable from s

* Question: Does running a BFS from s always solve the
SSSP problem on weighted graphs?



Compare to BFS

Question: Does running a BFS from s always solve the SSSP
problem on weighted graphs?




Dijkstra’s Algorithm

* Dijkstra’s Shortest Path Algorithm is a modification
of BFS for non-negatively weighted graphs

“One morning | was shopping in Amsterdam with my
young fiancée, and tired, we sat down on the café
terrace to drink a cup of coffee and | [...] designed
the algorithm for the shortest path [...] It was a
twenty-minute invention. [...] | designed it without
pencil and paper. | learned later that one of the
advantages of designing without pencil and paper is
that you are almost forced to avoid all avoidable
complexities. Eventually, that algorithm became to
my great amazement, one of the cornerstones of my
fame.” - Dijkstra

Edsger W. Dijkstra
1930-2002



Dijkstra’s Algorithm @{

* Dijkstra’s Shortest Path Algorithm is a modification
of BFS for non-negatively weighted graphs

* Informal Version:
 Maintain a set X of explored nodes

 Maintain an upper bound on distance for all
unexplored nodes

* If uis explored, then we know d(s,u) (from the
source s) (Key Invariant)

* If uis explored, and (u, v) is an edge, then we know
d(s,v) < d(s,u) + w(u, v)
* Explore the “closest” unexplored node
* Repeat until we’re done



Dijkstra’s Algorithm

* Explore the “closest” unexplored node

* The unexplored node with the smallest upper
bound on its distance

* Tighten (lower) its out-neighbors’ upper bounds
(when possible)
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Dijkstra’s Algorithm: Demo

o0
Initialize
0
-ﬂﬂ-ﬂﬂ
do(u) O 00 o0




Dijkstra’s Algorithm

* Explore the “closest” unexplored node

* The unexplored node with the smallest
upper bound on its distance

* Tighten its out-neighbors’ upper bounds (if

we can)
| s|BJ]C|D]E_
do(u) 0 00 00 00 00



Dijkstra’s Algorithm: Demo

10
Explore s
0
-Hﬂ-ﬂﬂ
do(u) O 00 3




Dijkstra’s Algorithm: Demo

10
Explore s
0
-ﬂﬂ-ﬂﬂ
do(u) O 3

diy(u) O 10 3 00 00




Dijkstra’s Algorithm: Demo

Explore C

-Hﬂ-ﬂﬂ 7

do(U) 0 3
diy(u) O 10 3 00 00
dy(u) O 7 3 11 5

}



Dijkstra’s Algorithm: Demo

Explore E
-ﬂﬂ-ﬂﬂ
do(u)

diy(u) O 10 3 00 00

d(u) O 7 3 11 5
ds(u) O 7 3 11 5




Dijkstra’s Algorithm: Demo

Explore B
JO
do(u)
diy(u) O 10 3 00 00
dy(u) O 7 3 11 5
ds(u) O 7 3 11 5
dsu) O 7 3 9 5

X ={s,CE,B

}



Dijkstra’s Algorithm: Demo

Don’t need to

explore D
-ﬂﬂ-ﬂﬂ
do(u)

diy(u) O 10 3 00 00
d,(u) O 7 3 11 5
diy(u) O 7 3 11 5
ds(u) O 7 3 9 5

X ={s,C,E,B,D)



Dijkstra’s Algorithm: Demo

Maintain parent
pointers so we
can find the
shortest paths




Dijkstra’s Algorithm: Practice

do(U) 0 Co




Correctness of Dijkstra %

dy(u) O 10 3 00 o0

duy 0 7 3 11 5

* Warmup O: initially, dy(S)is 4w o 7 3 11 s
the correct distance d(s,S) du o 7 3 9 5

v/ becsue L S Qe W‘m, A (5,9) -0

« Warmup 1: before we explore the second node v,
d,(v) is the correct distance d(s, v)
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Correctness of Dijkstra

* Invariant: before we explore the k-th node v,
di_1(v) is correct (tight)
* dj_1(v): upper bound on distance from s to v before
exploring k-th node/after exploring k-1-th node

* We just argued the invariant holds before we’ve
explored the 15t and 2" nodes



Correctness of Dijkstra

* |nvariant: before we explore ®\ i
the k-th node v, dj,_1(v) is X
correct
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Correctness of Dijkstra

* |nvariant: before we explore
the k-th node v, dj,_1(v) is
correct

* Proof:

kb~ 7




Implementing Dijkstra Naively

Dijkstra(G = (V,E,{w(e)},s):
m&&dﬂ‘d[s] < 0, d[u] < o for every u != s
?-parent[u]é—L for every u
Q « V // Q holds the unexplored nodes

While (Q is not empty):

% u < argmind|w]| //Find closest unexplored
WEQ

Remove u from Q

)
A
wy“

// Update the neighbors of u @gjg@g (U9
For (v in out|[ul]):

Qb@ If (d[v] > d[u] + w(u,v)): 1S OM% ey‘;\o/vd amct
ot d[v] «d[u] + w(u,v)
&mﬁ\ parent[v] < u WkMLkﬁ@WGCQf

Return (d, parent) :
° averald —%&\C@S O(_V\Q—TVA> ”‘\‘W\‘Q'



Priority Queues / Heaps



Priority Queues

* Need a data structure Q to hold key-value pairs so
that we can quickly find closest unexplored node

* Keys = Ve @ Wosk aure umeﬁvlwvd\ (7}/ O(G}>>
e Values = J- uppen bl ol (1) ﬁm P k/r
. .7
* Need to support the following operations

* Insert(Q,k,v): add a new key-value pair
* Lookup(Q,k): return the value of some key

* ExtractMin(Q): identify the key with the smallest value

* DecreaseKey(Q,k,v): reduce the value of some key



Priority Queues (a0,
b .15,
* Naive approach: dictionary €2
* Insert, DecreaseKey, Lookup take O(1) time
e ExtractMin takes O(n) time [
T\
\

* (Binary) Heaps: implement all operations in
O(log n) time where n is the number of keys



Heaps

* Organize key-value pairs as a complete binary tree
* Later we’ll see how to store pairs in an array

* Heap Order: If a is the parent of b, then val(a) <
val(b)

Each node represents a (Iceé] , vo,@v&)
key-value pair



Implementing ExtractMin

Where is the min?




Implementing ExtractMin

* If we delete the min, we get two binary trees

* We need to get back to having one tree

* |dea: mom% Qaud e e veut uf To /ee roo T



Implementing ExtractMin

* Problem? The Va o otove% ‘00% km Va/Q*AQ,

&MQQMWA>
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Implementing ExtractMin

* # of levels: Q(% n)



Implementing ExtractMin

* l[dea:




Implementing ExtractMin

 Observation:




Implementing ExtractMin C;»@\@
g{@é
* Three steps: @@@

* Pull the minimum from the root Lo W, 0ustk Qane
e Move the last element'to the root

* Repair the heap-order (heapify down)




Implementing DecreaseKey




Implementing DecreaseKey




Implementing DecreaseKey

* Two steps:
* Change the key
e Repair the heap-order (heapify up)



Implementing Insert




Implementing Insert




Implementing Insert




Implementing Insert

* Two steps:
e Put the new key in the last location
e Repair the heap-order (heapify up)



Implementation Using Arrays

E— S
ArrayV l 21511013 17 k1135117128 1S 8 116 | X
= 7
e Maintain an array V holding the values
y g sz{cm mM&I’K?O

* Maintain a dictionary K mapping keys to v%%
* Can find the value (lookup) for a given key in 0(1) time

* For any node i in the binary tree
e LeftChild(i) =
e RightChild(i) = 2i+1
 Parent(i) = |i/2]




Binary Heaps

* Heapify:
e O(1) time to fix a single triple
* With n keys, might have to fix O(log n) triples
* Total time to heapify is O(log n)

* Lookup takes O(1) time

e ExtractMin takes O(log n) time

* DecreaseKey takes O(log n) time
* Insert takes O(log n) time



Implementing Dijkstra with Heaps

Dijkstra(G = (V,E,{2(e)}, s):
Let Q be a new heap
Let parent[u] «< 1 for every u
Insert(Q,s,0), Insert(Q,u, ©) for every u != s

While (Q is not empty):
%%;>2 (u,d[u]) <« ExtractMin (Q) Q%ﬁﬁ)rwwk

For (v in out|[ul]):
d[v] <« Lookup(Q,vV)
OMA If (d[v] > d[u] + £ (u,v)):
DecreaseKey (Q,v,d[u] + 2 (u,v))
parent[v] «<u

Return (d, parent) <)<yijwgéd>

Algl. O w0 Ag2: O (ns m%@



Dijkstra Summary:

* Dijkstra’s Algorithm solves single-source shortest paths
in non-negatively weighted graphs
e Algorithm can fail if edge weights are negative!

* Implementation:
* A priority queue supports all necessary operations
* Implement priority queues using binary heaps
* Overall running time of Dijkstra: O(mlogn)
* Can do even better using Fibonacci heaps!



